Abstract.
Introduction
The conjugacy classes of elements are an important piece of information about the structure of a group. As such, it is a prerequisite for many algorithms such as those for computing the lattice of subgroups, the automorphism group, and the character table.
For large permutation groups, it has been feasible to attempt the computation of the conjugacy classes ever since the development [1, 20] of algorithms to compute centralizers and to test conjugacy of two elements. However, to date, there has been no systematic way of finding the class representatives. The state-of-the-art has been to consider randomly chosen elements, often several thousand such elements, and often with failure to locate a representative of every class.
natural quotient of the centralizer given by its action on the cycles of z . Again, the fusion of these classes in G must be determined.
The major contributions of this paper are
• a new theoretical result, Theorem 5.1.1, which eliminates conjugacy testing when determining the classes of elements of composite order; • a strategy to process the primes in an appropriate order and restrict the composite orders to those involving only certain primes; • a framework for the overall computation so that the existing theory and ad hoc hand methods can be applied by a computer; • a prototype implementation in Cayley, v3.7 [8] to demonstrate the feasibility of the computer application of the inductive schema, and to identify the computational bottlenecks.
A study of the complexity of the problem is not included. It is difficult to see how the computation of the conjugacy classes could avoid the computation of centralizers, or testing whether two elements are conjugate. The complexity of these simpler problems is still open [13] .
The implementation of the approach has been made possible by recent progress [7] in computing Sylow subgroups of large permutation groups; in converting the representation of a p-group from a permutation group to a pc presentation [4, 6, 14] ; and in computing the conjugacy classes of elements of a p-group given by a pc presentation [9] .
The prototype implementation computes the 116 classes of PSL(5, 3) of degree 121 and order 237,783,237,120 = 293105 11213 in 14 minutes on a Sun Sparestation, and computes the 60 classes of Conway's second sporadic simple group Co2 of degree 2300 and order 42,305,421,312,000 = 21836537 11 23 in 2.5 hours.
The paper continues by presenting the necessary background on conjugacy classes and on computational group theory, and then describing the inductive schema in overview. The following sections then discuss the theory, algorithms, and present examples, for each of the major subproblems. The prototype implementation is described and some experimental results presented. Opportunities for further work are discussed before concluding the paper.
Background
This section presents the necessary background notation, definitions, and computational tools which we will need. The reader is referred to [12, 22] for elementary definitions and results from group theory. The engineering aspects of developing and implementing the algorithm require some appreciation of what can be done cheaply, or not so cheaply, using the current state-of-the-art algorithms for subtasks.
Let G be a finite group. Let g be an element of G. Let KG(g) denote the conjugacy class {h~xgh \ h € G} of g in G, and define KrG(g) = \J{z)=(g)^G{z) to be the rational class of g in G. The rational class is a disjoint union of conjugacy classes KG(gm¡), for certain integers mn=l, mx , ... , ms between 1 and the order of g. The length of each conjugacy class is determined by the centralizer CG(g), and the integers m¡ are determined by the structure of the abelian group NG((g))/CG(g) ■ Define the Gabis group, GalG(g), of g e G to be the subgroup of Aut({g)) isomorphic to NG((g))/CG(g).
The classes within the rational class KrG(g) are in 1-1 correspondence with the cosets of the Galois group, GalG(g), in the automorphism group, Aut((g)).
Consider the structure of the automorphism group of a cyclic group Z" of order n . (4) For r>3,
and we can take 5 mod 2r and -1 mod 2r as generators of the respective direct factors.
(5) Aut(Z4) ~ Z2, and Aut(Z2) is the trivial group. O Let Eg denote the obvious isomorphism between Aut((g)) and the multiplicative group of Z/nZ, where n = \g\. Hence, &g(Ga\G(g)) is a subgroup of the multiplicative group of Z/nZ. If x e NG((g)) or x is a coset in NG((g))/CG(g), then eg(x) will denote the corresponding element of eg(Ga\G(g)). If n = qt, where q and t axe coprime, then Aut(Z") Ã ut(Z9) x Aut(Z,). Hence, there is a projection |f from the multiplicative group of Z/nZ to the multiplicative group of Z/tZ. We denote the inverse embedding by ]" . (1) For p > 2 and r > 1, regard Aut(Zpr) as Zp,-\ x Zfj,_X). There exists gx eSr\KG(g) suchthat Gals(gi) is the Zp,~\-component of GalG(gx).
(2) For p > 2 and r > 1, the Z(p_Xycomponent of Galc(g) projects faithfully to the Z(j,_X)-component of GalG(gp).
(3) For p = 2, there exists gx e S n KG(g) such that Gals(gi) = Galctei). D For cases ( 1 ) and (3) of the corollary, we may take gx e SriKG(g) such that Cs(g\) is a Sylow p-subgroup of CG(gx) and the normalizer Ns((gx)) is as large as possible. In case (2) of the corollary, if CG(g) = CG(gp), then take an element x e G which normalizes gp and (modulo the centralizer) generates the Z(p_i)-component of Ga\G(gp). The generator of the Z^.^-component of GalG(g) is a power of x . Proposition 2.0.2. If H < G and h e H, then Gal//(A) < GalG(h). D Corollary 2.0.2. Let H < G, h e H and g E G such that \h\ = \g\ = n. If e/,(Gal//(A)) j< eg(GalG(g)), then h is not conjugate in G to g. D Hence, some properties of the Galois groups, such as their order, may allow one to deduce that the elements are not conjugate, and therefore avoid a conjugacy test.
The inductive schema as implemented determines the rational classes of a permutation group G. The information it stores about each rational class includes a representative element g ; the list of powers 1, m2, ... , ms such that gm< are the representatives of the classes within the rational class; the Galois group Ga\G(g) ; and appropriate elements of NG((g)), for the case when g is a p-element. Hence, the schema also determines the conjugacy classes of G.
For computational purposes, a permutation group G acting on the set of points Cl is described by a base and strong generating set. A base for G is a sequence of points B = [ßx, ß2, ... , p\] in Cl such that the only element in G fixing every point ß, is the identity element. A strong generating set relative to B is a set T of elements of G which contains a set of generators for each stabilizer Gßt j2,...,#._, , 1 < i < k. For more details see [18] .
For computational purposes, a p-group is described by a power-commutator presentation, or pc presentation. This is a presentation of the form H = ( ax, a2, ... , a"\a¡p = u¡, for 1 < i < n , [a}■, a{\ = v¡j, for 1 < / < j < n ), where the w, are words in {ai+x, al+2, ... ,a"}, and the v¡j are words in
Let us begin by describing some of the more expensive computations which might arise as subproblems in determining the conjugacy classes.
PI: Given a base and strong generating set for a group G, and an element z 6 G, compute a base and strong generating set for CG(z).
P2: Given a base and strong generating set for a group G, and two elements g\, g2 £ G, determine whether gx is conjugate to g2 in G, and if so, determine a conjugating element.
Both of the computations PI and P2 are generally quite efficient. However, the algorithms [1] are backtrack searches and are subject to combinatorial explosion of the size of the search tree. So in bad cases, the cost could be two or three orders of magnitude worse than the average cost. Furthermore, if the determination of the conjugacy classes requires thousands of conjugacy tests, then the cost accumulates, and the chance of a bad case increases. Hence, a major aim of any approach to determining the conjugacy classes should be to minimize the number of conjugacy tests in the permutation group G.
P3: Given a base and strong generating set for a group G, and a prime p dividing the order of G, compute a base and strong generating set for a Syloŵ -subgroup of G.
The algorithm [7] for P3 requires a small number of centralizer computations, and its total cost is essentially the cost of these computations. Hence, it may suffer from a bad case for the centralizer algorithm. On the other hand, the determination of the conjugacy classes requires only one Sylow subgroup computation for each prime.
The following computations can be done very efficiently.
P4 [3, 4, 5, 6] : Given a base and strong generating set for a group C7 acting on Cl, set up any of the following homomorphisms: the action of G on an invariant subset A of Cl; the action of G on an invariant partition T of Q ; for a p-group or soluble group G, the isomorphism between G and the group defined by a pc presentation of G. Allow the computation of the image, kernel, image of an element, preimage of an element, image of a subgroup, and preimage of a subgroup.
P5 [9, 17] : For a p-group G defined by a pc presentation, compute any of the following: conjugacy classes of elements; centralizer of an element; determine if two elements are conjugate, and if so, determine a conjugating element; normalizers, centre.
The following properties can be used to decide that two elements are not conjugate. Hence an explicit conjugacy test in a permutation group is only performed when all the conditions (for which the information is readily available) have been checked. (4) If gx 6 H and g2 e G, where H < G, such that GalH(g\) is not isomorphic to a subgroup of Gale(gi), then gx, g2 are not conjugate in G.
Overview
The main ideas behind the approach are
• For a given prime p, a representative of each rational class of pelements can be found in a fixed Sylow p-subgroup S of G.
• Representatives of the rational classes of elements of order prt, where t is coprime to p, can be found in the centralizers of the rational class representatives of elements of order pr.
• The rational class representatives of elements of order prt can be found by taking suitable preimages of the rational class representatives of elements of order t in the quotient of the centralizer given by its action on the cycles of the element of order pr.
Rational classes are determined, as this reduces the effort in computing centralizers and analyzing the rational classes of their quotients. The rational classes of a Sylow subgroup S help to reduce the number of conjugacy tests in G, when determining the fusion in G of the S-rational classes. The Galois group in S helps determine the Galois group in G for p-elements, and reduce the number of conjugacy tests.
The approach can treat the primes p dividing the order of G in terms of "increasing difficulty", so that, for the last prime, it is not necessary to analyze the centralizers of p-elements to find their roots. The inductive schema is outlined in Algorithm 1.
G with a base and strong
Algorithm 1
Input : a finite permutation group generating set; Output : the rational classes of G ; begin let |G| = pnx>pn2*---pn/;
for each prime p, do "determine the (7-rational classes of p,-elements" S := Sylow p,-subgroup of G ;
let fx : S -> S, where S is defined by a pc presentation of S ; compute the rational classes of S (and hence, of S); determine the fusion of the 5-rational classes in G ; for each rational class KrG(z) of p,-elements do "determine the (7-rational classes of roots of z of order tpr, where \z\ =p\ and / only involves the primes pi+x,pi+2, ...,pd"
C := CG(z)l et f2 : C -» C, the action of C on the cycles of end.
determine the C-rational classes of elements whose order only involves the primes pi+x, pi+2, ■ ■• ,Pd\ _ lift the representatives of C-rational classes to roots of z and determine their conjugacy in G ; end; end;
As an example of the inductive approach, consider the group PSL(4, 2) of all nonsingular 4x4 matrices over GF (2) . This group has a permutation representation of degree 15. Table 1 lists the information about its rational classes. The notations 7AB and 15AB indicate that the rational class contains two classes. All other rational classes contain a single conjugacy class. The License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use column headed Length gives the length of each conjugacy class. The column headed Fusion indicates which powers of the representative are conjugate in G.
In Table 2 is a commentary on the execution of Algorithm 1 for this group. The word "class" refers to a rational class. The primes are processed in order from largest to smallest. The routine pelts determines the rational classes of p-elements in G ; the routine roots determines the rational classes of elements of composite order which are roots of a p-element, but only for orders involving just the smaller primes. The commentary comes from a prototype implementation in Cayley, v3.7, so a group order such as 22325 is printed as SEQ(2, 2, 3, 2, 5, 1). The times refer to a Sun Sparestation, and are rounded to the nearest second.
There are several major subproblems to be solved. Problems 2 and 3 have technical solutions, but Problems 1 and 4 require a strategy to be developed. Problem 2: Classes within a rational class. Determine the classes within each rational class KrG(g). That is, the powers mx = 1, m2, ... , ms such that KrG(g) is the disjoint union of the KG(gm'). This problem is treated in two parts (a) and (b).
Problem (2a): For a rational class of p-elements with representative g, determine the Galois group Ga\G(g).
Problem 3: Classes of elements of composite order. Given an element z of prime-power order pr, determine the rational classes and classes of elements y where y' e KrG(z), and t is coprime to p . This includes Problem (2b): For a rational class of elements of composite order with representative g, determine the Galois group Ga\G(g).
Problem 4: Ordering the primes. Determine the order in which the primes p¡ dividing \G\ should be processed.
The following sections treat the p-elements (that is, Problems 1 and 2a), the elements of composite order (that is, Problems 3 and 2b), and the ordering of the primes.
Elements of prime-power order
This section looks at finding the representatives of the rational classes of elements of order pr. Determining the classes within a rational class of such elements is done by determining the Galois group of the element. The problems dealt with here are Problem. Determine the rational classes KrG(g), where the order of g is a power of p.
Problem. Determine the classes within each rational class KrG(g), where the order of g is a power of p , by determining Ga\G(g).
The best we have been able to achieve for the first problem is a framework and strategy for finding the rational class representatives. There are examples where our solution takes a long time, so the problem may be regarded as still open. We do arrange that this strategy determines the p-part of the Galois group as a by-product.
The theory for the second problem is well developed, so what is required is a careful organization of the theory into an algorithm. ( 1 ) If S is abelian, then fusion of the elements of S in G is completely determined by fusion in NG(S).
(2) Fusion amongst elements of Z(S) in G is completely determined by NG(S). D Proposition 4.1.2. Let g £ G be a p-element and let S be a fixed Sylow psubgroup of G. Then there exists gx eSnKG(g) suchthat Cs(g\) is conjugate to a Sylow p-subgroup of CG(g). D
Hence, the roots of gx in S will contain representatives of all the C7-classes of roots of g, where the root is a p-element.
4.2. Algorithm for Problem 1. The rational classes of S are actually determined in the group S described by a pc presentation. The S-classes are computed, and then conjugacy tests in S are performed to determine in which class a power of a class representative g lies, thus calculating the rational class and the abelian group Galj(g). The results are lifted back to S.
A straightforward approach to determine the G-rational classes of p-elements is to apply algorithms which test conjugacy in G of each 5-rational class representative with each G-class representative found so far. However, these tests are too expensive, and the number of S-rational classes can be large (for example, several thousand rational classes for a group of order p15).
An approach which does more analysis of the Sylow subgroup and various normalizers might be organized as in Algorithm 2. The analysis produces an order in which to treat the S-rational classes. This order is given in list. It also produces a corresponding sequence of sets of rational classes, called away, such that if the //i/[i]th ^-rational class fuses to an ^-rational class earlier in the order, then every member of away[i] also fuses to an earlier member of list.
We take away[i] to be the set of the 5-rational classes containing roots of the //5i[i]th rational class. If the representative z of the //5?[i]th 5-rational class is conjugate in G to an earlier 5-rational class, with representative z', then every root of z is conjugate to a root of z'. We order list so that the centralizer in 5 of the earliest such z' does contain a representative of each root of z' that is a p-element, and we list the roots of z' before z and its roots.
Our current analysis categorizes the 5-rational classes by the order of the elements, and their cycle structure (as elements of C7). Within each category, the analysis sorts the ^-rational classes in decreasing order of their centralizer order (so that the roots of a discarded S-rational class can be safely discarded), and within a centralizer order it sorts the 5-rational classes in decreasing order of their normalizer order (so that the p-part of the Galois group in G is known). The first S-rational class with each distinct cycle structure is placed at the start of list. The remaining 5-rational classes are then listed. The 5-rational classes of elements of order p are listed using the sorted order. After a S-rational class of elements of order p-with representative z-and before the next 5-rational class of elements of order p , we list the roots of z in a recursive fashion. Table 3 . The values of list and away for this example are list is [ 1, 2, 11, 10, 18, 19, 20, 21, 22, 13, 14, 12, 15, 3, 4, 16, 5, 17, 6, 7, 8, 9 ] 2- There is one G-rational class still to find after processing the cycle structures. It is ^-rational class 12 with representative a4a$a$. The computation of the Sylow subgroup takes 6 seconds; the conversion to a pc presentation takes 2.3 seconds; the calculation of the classes of S takes 0.2 seconds; the analysis of thê -rational classes takes 12 seconds; the computation of the eight centralizers in G takes 15 seconds; and the five conjugacy tests take 10 seconds.
Algorithm for Problem 2a.
This section presents the determination of the classes within the rational class of z of order pr. This is done by calculating the Galois group, Gale(z). Let S be a Sylow p-subgroup of G containing z. For p = 2, the representative of the G-rational class may be chosen to satisfy Corollary 2.0.1(3), whence S determines the Galois group. So here we will handle the case where p > 2. Even in this case, we can choose the representative to satisfy Corollary 2.0.1(1) and know the p-part of the Galois group. The algorithm processes the subgroup lattice of Aut(Zpr) below Z(i,_i) in a top-down breadth-first fashion. Each subgroup is cyclic, generated by some j mod pr, and corresponds to a conjugacy test of z with z;. Working topdown allows us to terminate at the first positive conjugacy test. The algorithm produces a list of integers j representing powers z7 to guide the conjugacy testing, and a default set of generators for the Galois group (in Z/prZ). The default generators are the generators of Gal,s(z). The list is used to determine the Z(p_ [j-component of the Galois group. The integers j in the list are taken in turn until a positive conjugacy test in G between z and zJ occurs. This integer j (regarded mod pr) is the generator of the Z^^-component.
If there is no positive conjugacy test, then the component is trivial.
The list is produced from a primitive root of pr. The lattice of subgroups of Aut(Zpr) below Z(p_i) is listed in a breadth-first fashion starting with Z(P_!).
This list is then refined to ( 1 ) eliminate subgroups whose order does not divide the order of G ; (2) eliminate subgroups which do not lie above a known Galois group, such as GalNo(S)(g), and in this case the generators of the known Galois group are added to the default set; (3) eliminate those subgroups which do not lie below the preimage of GalG(gp), in those cases where the strategy of §4.2 means that Ga\G(gp) is known; (4) eliminate the subgroups whose order is divisible by m, if it is known that G contains no elements of order m . It is a matter of heuristics to determine in which order each layer of the subgroup lattice should be processed. One wants to process first the power most likely to give a positive conjugacy test.
If x £ G normalizes the element g, then |e^(x)| divides \x\. So knowing the orders of elements in G may restrict the choice of subgroups of Aut(Z"), where n = \g\, which could be isomorphic to Galc;(g). The relevant orders of elements would be known if the primes were processed from small to large. 
Elements of composite order
In this section we assume that representatives of the rational classes of pelements of G are known. Let z be such a representative of order pr. We treat the following problems:
Problem. Find representatives y of the rational classes of G where |y| = prt, t is coprime to p and y' £ KG(z).
Problem. Determine the classes within each rational class KrG(y), where \y\ = prt, t is coprime to p and y' £ KrG(z), by determining the Galois group Gaiety) ■ 5.1. Theory. Without loss of generality we can restrict the search to elements y with y' = z and hence y £ CG(z). Let C = CG(z). Let T be the partition of Cl determined by the cycles of z . Let / : C -► C[r , N = kex(f), and C = C/N. Note that z e N, and that N is an abelian p-group, all of whose elements have order dividing pr [7] . Suppose that (i) y £ G has order prt, t is coprime to p, and y' = z.
Then y = f(y) £ C has order t. (y~i)* = y2>so y~i -c^-(<=) Suppose g £ C such that yf = y2 . Without loss of generality assume that yx = y and y2 = yn, for some n £ N. Let L = (y, n) and Z = (z), which is central in L. The group L has a normal abelian Sylow p-subgroup N n L and a quotient (y) which is cyclic of order t coprime to p . Hence, L is soluble. Furthermore, (yZ) and (ynZ) are Hall subgroups of order / of L/Z , and hence they are conjugate in L/Z. Hence, (y) and (yn) are conjugate in L. We can assume the conjugating element lies in N, and that it conjugates yN to yN. Hence, there exists nx £ Nf)L such that y"1 = yn .
D
The above result must be tempered by the fact that several class representatives which arise as roots of z may lie in the same rational class. The normalizer of z acts on C and C, and its action determines whether class representatives y, and y2 of C give rise to the same rational class. In the case where z is a p-element, p ^ 2, the Galois group of z is cyclic. Let g £ G induce a generator of Ga\G(z). The action of g on C will fuse certain rational classes of C. These, therefore, each give rise to the same rational class of G. Furthermore, there will be some smallest power g' of g such that y\ £ Kr^(yx). The Galois group Gal^ (y i) is isomorphic to (e2(g') îf) x Ga%0T) îf ' ■ 5.2. Algorithm. The first task is to lift the class representative y from the quotient to an element of G such that it is actually a root of the p-element z. As the prime p and the order t of y axe coprime, this is straightforward. Algorithm 3 gives the details.
Algorithm 3
Input : a permutation group G ; a p-element z £ G of order pr ; an element y of order t, coprime to p , in CG(z)-quotient by N ; Output : the class representative in yN which is a rth root of z ; begin lift the element y to an element y £ G ; let at + bpf = 1; x := yÄp' ; " x' = identity and x = yy_ai £ yN" result is xz"; end.
The classes within the G-rational class of y axe determined by the action of the normalizing elements of z on C. This simultaneously tells us which C-classes are fused by the action. For p-elements, we have actual elements of G which generate the Galois group, so we can let them act explicitly. For the G-rational class of composite elements, all we require is to identify the Galois For 2-elements, the structure of the Galois group, F = GalG(z), may be more complicated. However, if the group is cyclic then we proceed as in Algorithm 4. On the other hand, if F = (gx) x (g2) ~ Z2s x Z2 , then there are two possible cases for the subgroup H of F which normalizes y . If y^ e A>G(y), then H ~ K x Z2, where K is a subgroup of (gx), and so K can be computed by Algorithm 4. If y& 0 Kr-^(y), then H is cyclic, and is generated either by some power g[ or by a product g[g2 ■ It can be computed by a modified version of Algorithm 4.
The centralizer of y in G is computed within the preimage of C-^iy). This could be improved by actually determining the action of this group on the kernel /V, and computing the fixed points of y .
5.3. Examples. Consider the group G = PSL(4,2) and the prime p = 5. G has one rational class 5A of p-elements. Let z be a representative of this class. Then C = (y) is cyclic of order 3, and hence, C has one rational class of elements of order t = 3. This rational class consists of two classes with representatives y and y2. Gal^(y) is trivial. In G, the element z is normalized by g of order 4. In its action on C, g conjugates y to y2, so GalG(y) = (ey(g)), and g conjugates y to y2.
Consider the group G = PSp(4,7) and the prime p = 1. G has a rational class 7C of p-elements. Let z be a representative of this class. Then C has order 2372 and degree 64. It has four classes of 2-elements, as shown in Table   4 . There is an element g £ G of order 6 normalizing z. In its action on C, the element g fuses the C-rational classes of involutions 14C and 14Z),so GalG(14CD) = (eX4CD(g2)).
Ordering the primes
This section treats another strategic aspect of the computation, namely:
Problem. Determine the order in which the primes p¡ dividing \G\ should be processed.
Our current strategy is to process them in increasing order of their exponent, and within the primes of equal exponent to process them in decreasing order. The rationale is that the p-elements, for the smaller primes p such as 2 and 3, have larger, more complex centralizers, and so the recursive treatment of the quotients of their centralizers should be avoided, or attention restricted to a small set of element orders t. The primes with high exponent generally have corresponding Sylow subgroups with a large number of rational classes, and so the fusion of p-elements in G may be difficult to determine.
The prime 2 is always last, in order to avoid p-elements with noncyclic Galois groups.
The order is assigned a priori using just the group order. The order could be much more flexible. After computing the Sylow subgroups and analyzing their rational classes, we might have a much better idea of the relative "difficulty" of processing the primes and their centralizers. We could also select the obvious G-rational class representatives (based, for example, on their distinct cycle structures) and compute their centralizers and quotients. This would give a clearer picture of which quotients might be "difficult" to analyze.
Experimental results
This section considers the performance of the prototype implementation. A detailed breakdown of performance is given in order to identify the bottlenecks in the computations. It compares the inductive schema with known algorithms-the calculation of orbits under the action of conjugation for small groups; the random method for moderate-size permutation groups; the topdown approach for soluble groups given by a conditioned pc presentation [17, 19] -to see whether the known algorithms should be used when analyzing the classes of a quotient which arises during the inductive schema.
The prototype implementation comprises over 2000 lines of Cayley code. The information it stores about each rational class is (a) a representative element g ; (b) the order n of the elements; (c) the cycle structure of the elements; (d) the list of powers 1, m2, ... ,ms such that gm< are the representatives of the classes within the rational class; (e) the corresponding list of sets of integers {ni}} suchthat g"ij is in the same class as gm'-hence, the first set is the Galois group; (f) the centralizer of g ; (g) the length of a class; (h) the generator(s) of the Galois group as integers mod n ; and (i) the generator(s) of the Galois group as elements of G, for the case when g is a p-element. The power map for the G-rational classes of p-elements is computed and stored, because it is useful in avoiding conjugacy tests when fusing the 5-rational classes in G. However, we have not extended this to information of the power map for all classes. 143,4) Table 5 and Table 6 (next page) present the performance of the prototype. Table 5 gives factual information about the group-including the order, degree, number of rational classes, number of classes-and then an overview of the prototype's performance-the number of actual conjugacy tests in G, the total time required for these conjugacy tests, and the worst single time for a conjugacy test; the total time taken to determine the classes of p-elements of G (including the computation of the Sylow subgroup), the time taken to compute the classes of composite elements; and then the total time taken by the prototype. For comparison, the last column shows the total time required by the random method to compute the conjugacy classes-an asterisk indicates that the method failed to find all the classes after considering 5000 random elements. Each individual time for a conjugacy test is rounded down. Table 6 breaks down the total times for pelts and roots according to the primes (and lists the primes in the order in which they were processed). All times are in seconds of CPU time on a Sun Sparestation. Table 7 . Comparative times for small groups The results in Table 5 demonstrate that the number of actual conjugacy tests being performed is under control (except in the cases of PSL(5, 3) and PSU (3, 9) , where the Sylow 3-subgroup causes problems), and that the major performance bottleneck is the very long time required by some individual cases of the conjugacy test algorithm. Indeed, for PSU(4, 4) there are four conjugacy tests between elements of order 5 where each test takes over 3800 seconds. The times in Table 7 compare the performance of known algorithms with the prototype of the inductive schema when working in a small group. The times are biased towards the known algorithms, as they only compute classes and not rational classes. It is further biased in their favor as the algorithms are implemented in C.
The times in Table 8 consider soluble permutation groups and compare the known algorithms with the inductive schema. The times in the PCP column include the time to compute the conditioned pc presentation, to compute the classes using the presentation, and to lift each class representative back to the permutation group. The information about rational classes, centralizers, and Galois groups is not computed and therefore not included in the times in the PCP column.
Conclusion and further work
The major problems brought to light by the prototype implementation are
• the existence of cases where the backtrack algorithm for testing conjugacy in a permutation group takes a very long time; • the number of conjugacy tests required when the group has a large Sylow p-subgroup, especially when p is not the last prime processed.
The first problem is fundamental, and somewhat outside the scope of future work on the schema itself. The prototype implementation in Cayley cannot make use of some features of the algorithm of [1] , An implementation in C could use the existing facilities of the algorithm which take advantage of known subgroups of the centralizers CG(gx) and CG(g2) when testing conjugacy of gx and £2 • These facilities can not be accessed from Cayley, so the prototype implementation cannot use the fact that it knows such subgroups as CG(gx) and C$(g2) when fusing p-elements from a Sylow subgroup S.
The second problem might be addressed in several ways using algorithms of [2, 10, 11, 15, 17] to compute normalizers and to compute in soluble groups. When S is abelian, then the fusion in G is determined by the fusion in the normalizer NG(S), and in cases where the normalizer is soluble, one could convert to a conditioned pc presentation and easily compute the classes of the normalizer. (Note that for p = 2, NG(S) is always soluble.) Similar techniques in NG(S) or NG(H), where H is a normal (elementary abelian) subgroup of S, can also be applied. In general, they will not determine the fusion in G completely, but may help to greatly restrict the number of candidate elements for the representatives of the G-rational classes. Locating the appropriate subgroups H may require much more analysis of the structure of S.
Some of the most expensive conjugacy tests occur when determining the classes within a rational class of p-elements. Hence, it might be beneficial to study the order in which the subgroup lattice of Aut(Z") should be processed. One wants to find positive answers to whether the representative g is conjugate to gm , as these conjugacy tests tend to be faster than exhaustively determining that no element conjugates g to gm . (A similar remark could be made about testing conjugacy of a p-element against existing G-rational classes, when more than one G-rational class is compatible with respect to cycle structures, etc.)
The second problem would also benefit from a parallel implementation of the schema because then for each prime we would know a bound on the number of elements in the classes.
Minor gains could be made through determining when to switch from the inductive schema to known methods of determining the classes. In cases where C is soluble, or small, one could switch.
The inductive schema is successful in that it requires only a small number of conjugacy tests in the permutation group G. Its general performance, when applied to groups of large order and degree, is far superior to the random method. The effort expended on finding the G-rational classes of composite elements is generally small, and also a small proportion of the total time. The effort of finding the G-rational classes and classes of p-elements can be high if the order of the Sylow subgroup is large. It may require many conjugacy tests and consume the bulk of the total time. However, the main impediment to better performance is the cost of individual conjugacy tests in permutation groups using the backtrack algorithm.
